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It is shown that the present procedure used to quantize relativistic systems
is inconsistent. Three mutually supporting arguments are given to sustain
this conclusion. First, it is noted that the use of wave functions which
transform according to any representation of 0(1, 3) whether finite or
infinite dimensional is inappropriate because such a description allows for
too many degrees of freedom. The phenomenon of Thomas precession
indicates that internal structure such as spin and multipole moments must
be described by mass shell (rest system) three-tensors rather than by un-
constrained four-tensors. Second, even if representations of 0(1, 3) are
employed, the momentum space construction for position-time operators,
which is quite general and is applicable in any Euclidean or pseudo-
Euclidean space, requires that the infinite-dimensional UIRs of 0(1, 3) be
used rather than the finite-dimensional, nonunitary spinor representations.
Third, various anomalous features of the customary kinematic formalism
can be readily understood provided that this formalism is viewed as an
ad hoc blend of two other formalisms which, while self-consistent, are
incompatible except for the trivial case of free one-particle states. These
criticisms focus attention on a number of specific weaknesses of the kine-
matic foundations of relativistic quantum mechanics and relativistic
quantum field theory. These weaknesses are sufficiently serious to require a
radical revision of the current theory even at the kinematic level.

1. INTRODUCTION

This paper presents an analysis of relativistic quantum kinematics.
Although frequently regarded as trivial, kinematic considerations are
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extremely important because they form the descriptive foundation for more
elaborate theoretical constructions. In this paper it is shown that the cus-
tomary kinematic formalism which constitutes the present foundation of
relativistic quantum mechanics and relativistic quantum field theory is
internally inconsistent. The three basic arguments presented in support of
this thesis are technical rather than philosophical in character. No construc-
tive solution to these problems is offered. Indeed, the nature of the difficulties
suggests that it may not be possible to construct a consistent relativistic
quantum kinematics. At least, the resolution of the problems will require a
radical departure from the currently accepted formalism.

The first argument is based on the construction of fully adequate position-
time operators. It is generally accepted that an elementary system should be
described by a wave function which transforms according to a unitary
irreducible representation (UIR) of the Poincaré group E(1, 3) (Wigner,
1939). This assumption leads to an elegant, canonical, momentum space
description of elementary systems. Unfortunately, the corresponding position-
time description of such elementary systems is not so firmly based. Con-
sequently, the momentum space description is used for the construction of
the position-time operators. Aside from the fact that any position-time
operator involves some sort of momentum derivative, the construction used
here bears little relation to previously published attempts (Newton and
Wigner, 1949; Wightman and Schweber, 1955; Jordan and Mukunda, 1963;
Fleming, 1965; Barut and Malin, 1968 ; Johnson, 1969; Broyles, 1970. Also,
see references cited therein.) The construction is based on the observation
that momentum space wave functions are intrinsic tensors on the mass
hyperboloid, a space of constant negative curvature. This observation leads
to a unique prescription for the momentum derivative as a covariant deriva-
tive with respect to the intrinsic geometry of the mass hyperboloid. The
position-time operator is then defined in terms of this momentum derivative.

In Sections 2 and 3, the position-time operator is defined for the case of a
particle of spin 1 with either a continuous or a discrete mass spectrum. This
definition is then generalized to the case of arbitrary spin S in Section 4. The
operator so defined is Hermitian, covariant, has appropriate commutation
relations with the four-momentum operator, and is appropriately related to
the angular momentum operator; however, the components of the position-
time operator do not commute with each other. In Section 5, the relation of
the position-time operator to the orbital and total angular momentum
operators is studied in greater detail and it is shown that a position-time
operator with components which mutually commute can be constructed only
if infinite component wave functions which form a basis for a UIR of the
homogeneous Lorentz group 0(1, 3) are used. (The spin zero case is an
exception.) Thus in the context of relativistic quantum theory, the existence of
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fully adequate position-time operators is incompatible with the use of finite-
dimensional spinor fields. The construction used is available for any Euclidean
or pseudo-Euclidean space regardless of signature. The parallel construction
in the well-known case of three-dimensional Euclidean space is presented in
Section 9 in order that the logic of the argument can be seen in a familiar
context.

There are a number of anomalous features of the customary kinematic
formalism of relativistic quantum mechanics which require a deeper analysis.
As indicated above, one of these peculiarities is the use of finite-dimensional
spinor fields which is incompatible with the existence of fully adequate
position-time operators. That the customary formalism allows only the
choice of Bose-Einstein statistics if infinite-component fields which transform
under a UIR of 0(1, 3) are used suggests that the customary theoretical
connection between spin and statistics is suspect. This suspicion is reinforced
by the fact that no such connection obtains for the case of Schrédinger
mechanics on three-dimensional Fuclidean space. An additional problem is
the fact that the position-time functional, even for a scalar Klein-Gordon
field, does not transform properly under translations. These and other
anomalies can be traced to the asymmetric treatment of the positive and
negative frequency parts of the wave function, that is, to the reinterpretation
and normal ordering principles. All of the anomalies can be readily under-
stood provided that the customary kinematic formalism is viewed as an ad hoc
blend of two other formalisms named the space-time density formalism and
the flux density formalism.

In the space-time density formalism described in Section 6, an overall
block space-time viewpoint is adopted in which events everywhere are
described simultaneously. Note that a similar formalism may be constructed
for any Euclidean or pseudo-Euclidean space regardless of signature. It is
useful to compare the formulas of the space-time density formalism with
their analogs in the familiar formalism used for Schrédinger mechanics in the
Euclidean case. It is natural and essential to treat all momentum space star
classes symmetrically. As a consequence of this symmetry, spin and statistics
are decoupled; that is, either Bose-Einstein or Fermi-Dirac statistics may be
used for any spin. The space-time density formalism has a natural positive-
definite inner product and Hilbert space structure, features which are re-
quired for the probability interpretation of quantum mechanics. Unfor-
tunately, the energy-momentum functional is indefinite.

The flux density formalism, described in Section 7, corresponds to the
time-slice viewpoint in which space-time is viewed as the union of a family of
spacelike hypersurfaces. This description is only appropriate for Minkowski-
type spaces. The description is presented in terms of flux densities, of charge,
energy momentum, and angular momentum, which determine the distribution
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of various quantities on the spacelike hypersurfaces. If desired, these flux
densities may also be regarded as densities with respect to the mass spectrum.
It is interesting to note that there is no difficulty in defining a conserved
position-time flux density the integral of which over a spacelike hypersurface
yields the corresponding position-time functional. Again, it is natural to
treat the positive and negative frequency parts of the wave function sym-
metrically, and again spin and statistics are not coupled. The flux density
formalism does not have a positive-definite inner product. Instead, there is an
indefinite sesquilinear form. However, the energy-momentum functional is
positive definite. The bracket relations and conserved flux densities of this
formalism are just the familiar ones encountered in classical Lagrangian field
theory.

Neither the space-time density nor the flux density formalism has all of
the features required for relativistic quantum mechanics. In the beginning of
Section 8, it is shown that these two formalisms are compatible only for the
trivial case of free, single-particle states, so that the difficulty cannot be
resolved simply by using both formalisms together. The customary formalism
represents an attempt to construct a workable system which, however, is only
partially successful. The remainder of Section 8 is devoted to a discussion of
the standard but ad hoc procedures used to give the flux density formalism a
positive-definite inner product and a Hilbert space structure similar to that of
the space-time density formalism. The resulting customary formalism has a
number of peculiarities, including the fact that the position-time functional
does not transform properly under space-time translations. This difficulty
does not occur in either of the other two formalisms. The existence of such
peculiarities indicates that the customary formalism is not internally
consistent.

The third argument against the customary kinematic formalism is
presented in Section 10. The history of a structureless, classical, point particle
is represented by an everywhere timelike world line in Minkowski space. To
describe a particle with structure, one must specify additional tensors at each
point on the world line which vary smoothly with proper time. However, the
phenomenon of Thomas precession shows that these tensors are not free but
are constrained so that at each point of the world line the tensors are orthogo-
nal to the tangent to the world line. Such constraints lead to difficulties in
quantum mechanics because position and momentum cannot be known
simultaneously with absolute precision. If the four momentum is unknown,
then all quantities which describe features of internal structure, including
spin and multipole moments, are also unknown. It is not appropriate to use
wave functions which transform according to any representation of 0(1, 3)
whether finite or infinite dimensional because the use of such representations
ignores the presence of the geometric constraints and allows for more degrees
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of freedom than actually exist. This additional freedom makes the choice of
field somewhat arbitrary. Moreover, the constraints must be reimposed by
means of additional equations of motion which seriously complicate the
treatment of particles with higher spin. Such difficulties do not arise in the
nonrelativistic case because time and space are separate so that one may
simply use representations of 0(3) to describe three-dimensional objects in a
three-dimensional space.

2. X* FOR SPIN 1 AND A CONTINUOUS MASS SPECTRUM

Since particle wave functions are intrinsic tensors on the mass hyper-
boloid [see Appendix A following equation (A.41)], the Hilbert space #
for a spin 1 particle with a uniform, continuous mass spectrum is the set of
complex-valued, mass hyperboloid vectors {i,(M, v)} square integrable with
respect to the inner product

¢ ¢) = f dp(M, V)ALV (M, V)gy(M, V) 2.1

where the measure du(M, v) is given by (A.17).

Given a tensor field # with components ¥,(M, v) and a Lorentz trans-
formation A, define the tensor field U(A) with components [U(A)].(M, v)
by

8(A v)”

[U(A)1(M, ¥) = (M, A™1v) 22

The operators {U(A)} form a representation of the Lorentz group since

a(A1

[UAXU(AQ}(M, V) = v) {U(Af}o(M, ATY)

_ AT AAFIAL Y
T ot o(ATtvy

$o(M, A71ATYY)

_ (AP

2 (M, (ArAD) )

[U(A1 A)](M, V) 23)
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Moreover, this representation is unitary with respect to the inner product

@.1):
(U(A), U(A))

= f du(M, VAWV M1 (M, U (A)](M, v)

8(A 3(A v)d

= [ ducat, wa= 250 Y gr M, A ) $u(M, A1)

- f du(M, A=13)A(A VWM, A=) (M, A=)

=9 2.4)

where the transformation property of the metric tensor 4%°(v) and the fact
that dp is an invariant measure have been used.

In this Hilbert space, the position-time operator is represented by the
momentum energy gradient given by (A.38). Since the wave functions are
mass hyperboloid vectors rather than scalars, the partial derivative 9/0v® is
replaced by the covariant derivative 8/8v°. Thus

 Xo9) = 1 [ e, | 4= ) 22 )

- FF AP, D) )
2.5)
and
O ) = =i [ a0 o) ZERL D sy oa, v
- A" ) 2D 4,0,
26)

The operator X* is Hermitian provided (2.5) and (2.6) are equal. This
demonstration is carried out in Appendix B. It is clear from the covariant
structure of X* that the matrix elements transform as a Minkowski four
vector under the Lorentz transformations defined by (2.2); however, for
completeness, an explicit demonstration is given in Appendix C.

For convenience, write the operator X* in the symbolic form

X+ = i[u“(v) ‘ai? - -]}? AV (Y) %] @7
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Then

X+ X = (i)? [u“(v) 5% - %4 A(V)ulo(V) a—ib]

—[u“(v)u"(v)gi—;—z 12 W) AONY) 5
A s o — 1 AR 535 57
L AP 707 + Tz ABDADELN) 5

+ g7 ASOMAON) S | e

Using (A.37) in the last term, one finds that, except for the term containing the
second-order covariant derivative, X* X" is symmetric in g and ». One gbtains

(X% X]e = Mz [a(Mul(v) — ul(Muls(¥)] 2.9
The momentum-energy operator is just the multiplicative operator
P4 = Mu*(v) (2.10)
One readily obtains
[X*, PY] = i[()u’(v) — A Wula(Mus(V)] 2.11)
or
[x*, PY] = ig" (2.12)

Define the orbital angular momentum by
L* = X*P¥ — X*P# (2.13)

Since the operators X* and P* are covariant and Hermitian, the operator
L* is as well. It follows from the commutation relations (2.9) and (2.12), that

[L”V, LM] —_ i[guoLwr + gvaLup — guava —_ gvoLua]
— i[ut(W)uP(W)S?? 4+ W (v)u(v)Se»
— (WS — w(Mu(v)S*°] 2.14)
where

S&y = i[ula(Mul(v) — ulu(Vu(v)] (2.15)
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The explicit form of L* is
LY = iAW (V) — ' (Mula(W] 5 8 5 (2.16)

This operator is independent of M and consequently can be used even in the
case of a discrete mass spectrum.

The commutation relations (2.9) and (2.14) are not those desired for the
position-time and orbital angular momentum operators. The problem arises
from restricting attention to wave functions describing a single spin. The
problem is further discussed and resolved in Section 5.

3. X* FOR SPIN 1 AND A DISCRETE MASS SPECTRUM

For a particle with spin 1 and a given fixed mass M, the Hilbert space #°
is the set of complex-valued, mass hyperboloid vectors {i,(v)} square integ-
rable with respect to the inner product

\ 4 # = 2= [ =W D80) 3.0

The factor M?2/2 has been chosen in order to agree with the usual normaliza-
tion. The representation of the Lorentz group given by (2.2) is not affected by
this change in the Hilbert space.

The expression for the position-time operator must be changed since the
mass is now a constant. Define

W x0) = i 2L f dy(v)[—— A A ) 2D
— P A0 ¢2)
and
e,y =i | dM(V)[ o) Aw) LD g,
+ g AP OH)| (33
or symbolically,
X = -1 [ACd(v)u ) 5 + 3 uﬂ(v)] (3.4)

This operator is clearly covariant (see Appendix C).
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The momentum operator P* is defined as before in (2.10) and

[X*, P'] = —id*ule(Mula(y) = i[g*" — w(Vu' (V)] (3.5
or

zpv
[x% P"] = z(guv _ PP ) (3.6)
The orbital angular momentum is defined as before in (2.13) using the
new X*“, and the explicit expression for L*” is just that given in (2.16).

4. X* FOR GENERAL SPIN AND EITHER A DISCRETE
OR A CONTINUOUS MASS SPECTRUM

The results of Sections 2 and 3 will now be generalized to include the case
of a particle with arbitrary integral or half odd integral spin. For the most
part, the mass variable M will be suppressed. For the case of integral spin,
the generalization is straightforward. Simply use wave functions .- - - (V)
which are mass hyperboloid tensors of higher order and decompose them
into irreducible components using the tensors A%(v), A, (), ¢(y), and
€a0c(V). For example, for a second-order tensor ,,(v), one has

Yar(V) = ¢ O Aa(V) + AP Weaan(V) + $RV) @“.1)

POV) = FA(V)ha(Y)

POV) = Leap(VA V)4 (Vae(¥) 4.2)

P () = Hba(V) + o] — FA4u(VA“VWea(¥)
Then ¢{3(v) is a suitable wave function for a spin 2 particle. Moreover, the
position-time operators are defined by (2.7) and (3.4), respectively, and the
demonstrations of covariance and Hermiticity again go through with only
minor modifications.

The presence of the metric tensor A®%(v) in the inner product (2.1) or
(3.1) complicates the introduction of Pauli spinors required for the description
of half odd integral spin. This difficulty can be overcome by employing at each
point of the mass hyperboloid a basis normalized to unity, that is,

where

A\

n = (1 - 5)us) 43

where
guvnau(v)nbv(v) = 8a,b (44)

The new wave functions for spin 1 $&(v), called Wigner wave functions, are
related to the tensor wave functions by

#o0 = (1= Tl to @5)
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and the inner product becomes

@ #) = f AT W) @.6)

where the repeated index is summed and there is no longer any distinction
between upper and lower indices.
The representation of the Lorentz group is given by

[UMWIW) = [BHV)ABA V)] (A 1Y) 4.7

where B(v) denotes the pure Lorentz transformation which takes #*(0) into
u*(v) and
[BT*(MABA™"Wap = —n (VA un," (A7) 4.8)

is the well-known Wigner rotation (Moussa and Stora, 1968) [compare with
(A.41)]. Clearly, the transformations (4.7) are unitary with respect to the
inner product (4.6). Since

[UAXUA1E()
= [BT' W) ALB(AT )] [U(ASJe(AT M)
= [BT1(MAB(AT "W)oo [B~ AT ALB(AF AL G(As AT MY)
= [B71(M(A1A)B(A1A2) " W)]anh§”[(A1 Ag) V]
= [U(A1 A1V 4.9)

the group property is also satisfied.
Because dv® transforms as a tensor with an upper index, the combination

av®
[1 — %(v-v)]

transforms according to a Wigner rotation.

In order to define the covariant derivative for the Wigner wave functions,
it is necessary to translate the equation for parallel transport of a tensor field
along a specified curve into the new notation. Let ,(v + dv| — v) denote
the components of the field ¢ evaluated at v + dv parallel translated to v
along the infinitesimal curve defined by dv. Then

(4.10)

BV + aV] = V) = (v + dv) — {a"b}«pc(v) dv® (4.11)

Using (4.5) and (A.33) and retaining only terms up to first order in dv® one
obtains

1 ([v*°dt® — dv™®

400+ av] ) = 4+ ) — 3 {FE I @)
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In Appendix D it is shown that (4.12) may be written in the form
PV + dv| = V) = RV, v + dv(v + dv) 4.13)

where R, (v, v + dv) is the Wigner rotation corresponding to the pure
Lorentz transformation which takes v + dv into v.
The covariant derivative of the Wigner wave function is defined by

w $a(¥ + Av| >v) — 457(v)
S0 = A,M{ BRI = 30-W)] } .14

Using (4.13) and (D.14), one obtains

lﬁ(u»(v) (1 b —-) _l!i(-":ﬂ)_ - ivc(Scb)ad‘/’(W)(v) (415)

or®

The operators X* and P* are given by

Xt = 1] 307 = 37100 (5m2) | @16
or
Xi= -1 [na“(v)(sia) %u“(v)] @.17)
and
- M) 4.18)

where (4.16) and (4.17) correspond to (2.7) and (3.4), respectively. Again, the
respective commutation relations (2.12) and (3.6) obtain.

These results may be readily generalized to the case of arbitrary integral
or half odd integral spin s. A particle of spin s has a Wigner wave function
$(v) with 25 + 1 components, Ae{—s, —s + 1,...,5 — 1,5}, which is
square integrable with respect to the inner product

W $) = f AU W) (4.19)

Under the Lorentz transformation A, these wave functions transform accord-
ing to

[UMAWI() = DB~ (MABA WA Y) (4.20)

where D® is the usual (25 + 1) x (25 + 1) unitary irreducible representation
of the rotation group. Let S,; denote the generators of D, then

D®(R) = exp [2 wabSab] (4.21)
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where
Ry = €Xp l:é wab(sab)cd] (422)

The covariant derivative is defined by

8 ey — tiva J DSIR(, v + AV + Av) — $8(v)
5,8 B0 = Af,i‘.‘}o{ AT = 3 V)] } (4.23)

The explicit expression is

SSL;ZEV) = (1 - v—4!) 2%1:,—)(1) - §v°(Sca)M¢fi”’(V) (4.24)

The expressions for the position-time operator X* are again given by
(4.16) and (4.17) for the continuous and discrete mass spectrum cases,
respectively. The orbital angular momentum operator L** is given by

L = i) — ) (g55), @29)

in either case.

Clearly, (4.23) and (4.24) generalize in a straightforward way to cover
the case of a tensor with an arbitrary number of spin indices of whatever spin
types desired.

5. TOTAL ANGULAR MOMENTUM J*¥

The total angular momentum operator J*' is defined as generator of the
representation of the Lorentz group. Expressions for both the special case of
spin 1 (2.2) and the case of general spin s (4.20) will be given. Set

U(A) = exp B wqu“"] .1)
where
A, = exp | @) 52)
and
(o = ~i(gg™ — g7g™) 53

The matrices I** satisfy the commutation relations

[Iuv’ Ipa] —_ i(gpulav + guvlpu — gpvlau — gdulpv) (54)
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The evaluation of the operator J** is straightforward and is carried out
in Appendix E first for the case of spin 1 and then for the case of general spin
s. The result may be written

T = [ 4 S (5.5)

where I#** = X*P* — X'P*, X" is the appropriate position-time operator,
and S is just the projection of the spin matrices (S,;)a, onto the basis
n.°(v). For the case of general spin s

SH = HnHWny' (V) — na'(In* (V)18 (5.6)

For the case of spin 1, S*” is given by (2.15).

Thus for a particle with given spin s, it is possible to define a position-
time operator X* which is Hermitian and covariant, has the proper commuta-
tion relations with the momentum-energy operator P%, and leads in the
standard way to an Hermitian, covariant orbital angular momentum operator
L#¥, which in turn is suitably related to the total angular momentum operator
J*. However, [X*, X] # 0! Nevertheless, the operator X* defined above is
the best possible given the restriction to a single spin s as the following general
argument shows.

Let J#V, P%, and X* be Hermitian operators which satisfy

[Juv, JDO'] — i(g’“’JW + gvaJlm — guajvp — gvoJua)
[PA, Juv] _ i(gAqu _ gAqu)

[X?\’ Juv] — l'(gAvXu _ g)\uXv) (57)
[P*,P]=0
[X*, X*]=0

as well as one of the relations

[X* P] = ig"

(5.8)

. PHPY
[Xu,Pv] = l(g‘“’ _ M2)

[NOTE: The operators J*, P*, X* previously defined satisfy all of the con-
ditions (5.7) and (5.8) except for [X*, X7] = 0.]

Then define the operator L*" as in (2.13). L*¥ is Hermitian since both P*
and X*# are. Moreover,

[L‘”, Lpu] — i(guvaa + gvuLup — guava — gvpLua)
[X7, L] = i(gX* — gX") (5.9)
[P)\, Luv] — i(gAqu — gAqu)
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The relations (5.9) follow directly from the commutation relations of X* and
Pr, Next, define S** by

S = Ju — [#» .10

which is Hermitian since J** and L** are. From (5.7) and (5.9), one obtains
[X*, §4] =0

[P, §*]1=0 (5.11)

[Lo?, S]] =0
Since
[J#v, J#?] = [L*, L*?] + [S™, §*7] (5.12)

it follows that
[S’”, Soa] — l'(gupsva + gvaSuo — guasvp — gVDSuU) (513)

Since the S** are Hermitian and satisfy (5.13), they are the generators of a
unitary representation of the homogeneous Lorentz group (Naimark, 1964).
The Pauli-Lubanski operator W, is given by

W,= —3%e,,,:J"°P" = —%e,,,,S"°P° (5.19)
If P# and g»*W,W, are simultaneously diagonalized, then
gWW, = —M3(s + 1) (5.15)

where s is the particle spin quantum number. Clearly the operators X*, L,
and S** do not commute with g** W, W,; consequently, in a basis in which the
latter operator is diagonal, the former operators must have nonzero, off-
diagonal matrix elements which connect states with different spin. Clearly,
the operators X*, L**, and S* defined earlier in this paper [(4.16), (4.17),
(4.25), and (5.6)] are the restrictions of more general operators to a subspace
with definite spin s, and this truncation explains why the restricted operators
do not and cannot satisfy all of the desired commutation relations.

The principal conclusion to be drawn from the above discussion is that
quantum mechanics is incompatible with finite-dimensional spinor fields
given special relativity and the desirability of fully adequate space-time
operators.

6. FOUR-DIMENSIONAL DENSITIES AND
THE STATIC SPACE-TIME DESCRIPTION

There are two modes for describing events in space—time. The first views
space—time as a single block and presents the description in terms of densities
in four-dimensional space-time. The second considers a family of spacelike
hypersurfaces or time slices and uses flux densities to describe conditions on
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each hypersurface. The former viewpoint is developed in this section and the
latter viewpoint is developed in the following section. Later, in Section 8, it
will be argued that the customary kinematic formalism used in relativistic
quantum mechanics is irrational because it is an ad hoc blend of these two
formalisms which are mutually incompatible.

With the exception of the case of spin zero, it was shown in Section 5
that wave functions which transform according to a unitary representation
of the homogeneous Lorentz group 0(1, 3) must be used if one requires the
existence of a position-time operator X* which is fully adequate in the sense
that the conditions (5.7) and (5.8) (especially, [X*, X”] = 0) are satisfied.
Moreover, the wave functions must represent more than a single spin. Since a
unitary representation may be decomposed into a direct sum/integral of
unitary irreducible representations, it is natural to use a unitary irreducible
representation of 0(1, 3). Since all such representations are infinite dimen-
sional, the wave function represents an infinite spin tower of particles.

The unitary irreducible representations of 0(1, 3) (Naimark, 1964) may
be labeled by a pair of numbers [k,, c]. For a representation in the principal
series

c=ip -0 < p<®©
k031324 ) @D
For a representation in the complementary series
0<ex<l ko=0 6.2)

The identity representation corresponds to the pair [0, 1]. A basis for a
representation in either the principal or complementary series may be labeled
by a pair of indices (j, m) which range over the values

m= —j —-j+1,..,j—1j

j=k0 ko+1,k0+2,..- (63)

and the representation is infinite dimensional. The values of the Casimir
operators in the representation [k,, c] are given by

Cl = '%'guﬂgvoSqum7 = ko2 + 02 -1
C2 = %ek;\qukASuv = —ikoC

The physical meaning of the quantum numbers (p, k,) will not be dis-
cussed here. It would seem that the use of wave functions which transform
under a representation of 0(1, 3), whether finite or infinite dimensional,
implies that one’s model of a particle is a four-dimensional structure moving
along a world line in Minkowski space-time rather than a world line tube
with a small three-dimensional cross-section. The reader is referred to the
end of Section 10 for further discussion of this point. In any case, in this and

(6.4)



98 Coleman

the following section, it is assumed that physical states correspond to rays in
the Hilbert space of infinite-component, complex-valued wave functions
defined on Minkowski space-time, i,,(x), which are square integrable with
respect to the inner product

®H=3 RS AcTe 6.5

which transform under the Lorentz group according to one of the above
unitary irreducible representations
[UAWlin(x) = U(A)jm, smibiom(A1X) (6.6)

and for which the mass operator (— [J) is positive. Denote the momentum
space wave functions for positive and negative frequency by (M, v) and
P (M, v), respectively. Under a Lorentz transformation, both of these wave
functions transform according to (4.20). [The usual scheme employs the
conjugate representation D®" for the negative frequency wave function. The
reason for this modification will be made clear below.] Under a translation,
x —x + a, these wave functions transform according to

[U(@) =M, V) = exp [+ ig,,, Mu*(V)a"}ii (M, v) 6.7)

The wave function ¥;,(x) may be expressed in terms of the wave func-
tions ¢$}’(M, v) through the expansion

bin) = 3, [ M, DG M, v, 5, W2, )

+ [ x5 M, v, s, DO(M, v)] (6.8)
where

Fi(x; M, v,8,A) = exp [ F igu, Mu*(V)x"1B;(¥; s, A) 6.9

(2 (@m)?

and the functions B,,(v, s, A) are defined by (F.2) in Appendix F.
Using the orthonormality relations

fdé XfSE (s M7,V 8, N)FSE(e; M, v, 8, A)
jm
= 8y Opad(M’ — M)[ HY: v)] SV —v) (6.10)

Zfd*x M x, M,V S, N M, ,5,0) =0
im
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one obtains for the relations inverse to the expansion (6.8)

YD, v) = j A0 M, v, 5, M) 6.11)
Moreover,

»H=3 [EECICTe

fdM(M VY (M, (M, v) + 7(M, V)$R(M, v)]
(6.12)

The wave functions (6.9) satisfy the completeness condition
S | duM, DU M, v, 5, Vo3 M, 9,5, )
SA

+ ff('r;')(x'; M: Y, S, A)fi(f;)'(x; M: v, S, A)] = 8.1".‘1'87n'm§(xl - x)
(6.13)
where

309 = o3 | (M, Vexp [~ g M (D] + exp g Mt GWD (6.14)

The interpretation of 8(x) is important. It is not a propagator. It is just the
restriction of the four-dimensional Dirac § function 8%(x) to the case in which
only timelike momenta are included. For the class of wave functions with a
timelike momentum spectrum, §(x) plays the role of §*(x). In particular, 8(x)
satisfies the relations

(—x) = 8(x)
Pym(X) = f d*x'3(x — X Yn(x) (6.15)
x — x') = f d*x"8(x — x")8(x" — x)

Variational derivatives of functionals of the fields may be defined by
setting

Sm(X) _ WEO) _ .
Slﬁj'm'(xl) Slllﬁm,(x’) 8/ Jam ms(x x)

(6.16)

l/J(*)(M’ V) 8¢‘ )(M v) Ss ss)\ )\S(M’ M)[l - %(v'v):lsss(vr _ V)

SPENM, V)~ SEI (M, V)

M
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and by assigning zero to the other possibilities. The anti-Poisson bracket (+)
and the Poisson bracket (—) of two functionals f and g of the fields ,,(x)
and ¢,(x) are defined by

dg dg of
Uigh = f”’ "[asb,m(x) X e e Ssb,m(x)] ©.17)

For the basic ﬁelds, one may use either type of bracket. One obtains

(), Yfalx)} 2 = 858mmd(x" — X) (6.18)
while the other brackets are zero. Whenever at least one of the two functionals
fand g is of even degree in the basic fields, the Poisson bracket (—) should be
employed.

It follows from (6.11) that

UM, V), 37 (M, Ve = 8o Bad(M’ — M)[l—"jl(——v-'l)]aaa(v' -v)
(6.19)
R, V), 45 (M, D = Beaspnd(t” = 3| - EED oy

while the other Poisson brackets are zero. In terms of the momentum wave
functions, the Poisson bracket (6.17) is given by

rghe =3 [ duiat, )

3f og af dg
[(&mM V) ST, Y) T SO, V) S5 (M, v))
Sg Sf Sg 5
( SISO, V) SO,V T S, v) S (O, v))]

(6.20)

The operators X*, P#, L*, and J** are most conveniently described with
respect to the wave functlons P5E(M, v):

P55 (M, V) = Bin(V, 5, D (M, V) (6.21)

where the B,,(v, s, A) are given by (F.2). Under a Lorentz transformation,
these wave functions transform according to

[UAW S n(M, V) = Upniym AW53AM, A7) (6.22)

In this basis, the position-time operator is simply the momentum-energy
gradient (A.38):

X4SE(M, V) = + z[u (v) 537~ 1 A“"(v)u"a(v) ]¢(t)(M, V)
(6.23)
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In agreement with (6.7), the operator P* is given by
PH(M, v) = £ Mu(Viin (M, v) (629

The operators for orbital angular momentum L** and total angular momen-
tum J* are given by

LPg(M, v) = (X4P* — XPU)(M, v)
= LB — PO o5 YO, V)

(6.25)
and
TP M, v) = LM, ) + Shamdind(M, v) (6.26)

The operators X*, P, L**, J*, and S*" defined above are Hermitian and
satisfy the relations given in (5.7)~(5.9), (5.11), and (5.13). These operators
are related to those constructed in Sections 24 in the following way. Trans-
form the expressions (6.23)-(6.26) to the basis ${)(M, v). Then discard the
terms which are not diagonal in the spin 5. The operators so obtained are
just those defined in Sections 2-4. The reason for the peculiar commutation
relations of these truncated operators is now clear.

To each operator Ope{X*, P L*,J*, S*} there corresponds a
functional Op [*, ] given by?

Op [y*, ¢] = fd#(M V5" (M, ¥) Op ¥5(M, v)

+ ¥ (M, v) Op ¥§:(M, V)] (6.27)
For example,

PH[y*, y] = f du(M, VM) (M, DM, v)
— (M, WM, )] (6.29)
One can readily show that

(PAY*, 4L (XD} = —i0"ym(x) (6.29)
(P, 4], PP[Y*, 411 = O (6.30)

An entire set of such relations exists which corresponds to the expressions
(6.23)(6.26) and to the commutation relations (5.7)~(5.11) and (5.13).

and

2 A corresponding “matrix element” Op [y*, ] may also be defined.
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Using (6.8) and (6.21), the operators given by (6.23)-(6.26) may be
reexpressed in terms of the basis ¥;,(x). Then, the functionals (6.27) have the
form of integrals over space-time densities

Op 4%, 1 = 3, [ d*9b3.09) Op () 6.31)

Neither the operator P° nor the corresponding functional PO[y*, ] is
positive definite. This is reasonable since it is only the functional for the
energy flux through a spacelike hypersurface which should be positive definite,
Functionals related to flux densities are discussed in Section 7.

The eigenfunctions of the position-time operator in the basis (6.21) are

P (M, V3 %, 7) = ey(y) exp [ F ig,, Mu'(vV)x’] (6.32)

where the complex numbers «;,(y) are the components of a vector in the
infinite-dimensional 0(1, 3) group representation space and where y denotes
the eigenvalues of two independent, noninvariant, commuting operators
formed from the S*'. (The eigenvalues of the Casimir operators are already
fixed by the choice of representation.) The inner product (6.12) gives

(0 ), 45, ) = . [ M, VSRV, ¥3 2, 9 WM, ¥3 %, 7)

+ 52 (M, v X, Y WM, v; X, y)]
= 8,,8(x' — x) (6.33)

Thus, wave functions with different space-time eigenvalues are not orthogonal.
However, since the role of 8* is replaced by § for the space of functions with
timelike momentum spectrum [see (6.15)], these wave functions are as
orthogonal as possible given the exclusion of lightlike and spacelike momenta.

From a mathematical point of view, the above discussion of the Fourier
transform on Minkowski space-time may be extended to include functions
with a lightlike and spacelike momentum spectrum (see Appendix G). If this
is done, then complete sums over all momenta will yield the four-dimensional
8 function instead of the distribution §, and eigenfunctions of the position-
time operator which are properly orthogonal can be defined. This formalism
very closely parallels that used in Euclidean space. In particular, the definition
of the position-time operator given in this section is the direct analog of the
definition of the position operator usually employed in the Euclidean case.
Furthermore, the fact that either Poisson brackets or anti-Poisson brackets
may be used for the basic fields [(6.17), (6.18)] indicates that there is no spin-
statistics theorem. This absence of a spin-statistics relation also obtains in the
Euclidean case. The construction of position operators in the Euclidean case
is discussed in Section 9.
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7. THE SPACELIKE HYPERSURFACE DESCRIPTION AND
FLUX DENSITIES

In Section 6 the fundamental kinematic formalism for the description of
particle states in space-time was developed. In that formalism, the events of
space~time, past, present, and future, are described all at once as.a block.
In order to examine the development of a system in time, it is necessary to
describe the same space-time events in terms of quantities defined on the
members of a family of spacelike hypersurfaces which form a disjoint decom-
position of space-time. The purpose of this section is to develop the kinematic
formalism required for such a description. The quantities appropriate for the
overall space-time description are four-dimensional space-time densities
and the integrals of such densities over four-dimensional volume elements.
For the description of time evolution, the relevant quantities are also four-
dimensional densities and integrals of such densities. However, the basic
quantities are now one-dimensional densities with respect to the mass spec-
trum and three-dimensional flux densities with respect to the hypersurfaces-
The momentum space description is the same for both cases. It is emphasized
that the formalism may be developed for either a continuous or a discrete
mass spectrum. The formulas given are appropriate for the case of a con-
tinuous mass spectrum. For the most part, simple restriction of these for-
mulas and a change of normalization yield the formulas appropriate to the
case of a discrete mass. Cases where this is not so are noted.

The expansion (6.8) may be decomposed into an integral over fields with
definite mass:

bnlo) = [ o 00 1)

where

(M2) T\ e (+)( 5 » (+)
6 = (3) M2 2, | WIS Ges M v, 5, DO, v)
8.
+ fi (s My v, s, DHO(M, v)] (7.2)
and
(O + M2Ex) = 0 (7.3)
Given two wave functions $%”(x) and ¢#™(x) which satisfy (7.3), one
may define the four-vector flux density

. 2y <> 2
JHM?; x) = 1> D" (x)9, % (x) (7.4)
im
where
<> oB oA
13 — — e
A*B = A 5%, o, B (1.5)
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for arbitrary fields 4 and B. The flux density (7.4) is conserved

0,J"(M?;x) = 0 (7.6)
Then one may define a sesquilinear form Y™, SM™ by
>
WO, 497 = 13, [ do, UL ) (7.7)
im Yo

It follows from (7.6) that (7.7) is independent of the spacelike surface o.
The wave functions (6.9) satisfy

(@) 2f (M, v, 5, X), Qe) 2 (M, v, 5, D)
- iss,ssA,AZM[l‘_fl(v‘_v)]sas(v' —v  (18)
(@m)'2f =M, v, 8", X), Qm)2f (M, v, 5, 2)) = 0

The normalization used in (7.8) may be related to the usual one by means of

ap _ 1 M 8 4
gor = 232 | =36 4 79
The inverse of (7.2) is
M, V) = ()M (M, v, 5, X), $42) (7.10)

Using (7.2), (7.7), and (7.8), one obtains

o, oy = 25 | dulgse o, Vg, v
— YL VRV (1)

In contrast to (6.5), the sesquilinear form (7.7) [or (7.11)] is not positive
definite; consequently, the positive and negative frequency wave functions
enter the corresponding completeness condition with (+) and (—) signs,
respectively. Thus the completeness condition corresponding to (7.8) is

2
BES [ autorem s M, v s, @y st Ges o4, v, 5,
SA

— @R SRx s M, v, s, N2 R (o M, v, s, A)]
= 8, 8 uniA(x' — x; M?)  (7.12)

where A is the usual causal propagator for a scalar field of mass M given by
A -Mz)——_-if@[ex (—ip-x) — exp p-0)]  (1.13)
X; - (27_’_)3 2 w, p D p (p -

where w, = (M2 + p?)*/? and the four momentum p is related to M and v by
(A.7).
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Denote the values of the field (7.2) and its normal derivative for the par-
ticular spacelike surface given by x° = 0 by

) = SO0
R (M2)
s = W) (7.14)

Then
e, = - dax'[A(x(’, X — X' MO

0 v _ '+ A2
+ 6A(x ) Xaxox . M )¢§%2)(xr)] (715)

which satisfies (7.3) and the initial conditions (7.14). The sesquilinear form
(7.7) may also be expressed in terms of the fields (7.14):

P, gD = ijz f =0 XYY FRX) — R R®]  (7.16)

The scalar product (6.5) may also be expressed in terms of the fields
(7.14) by means of (6.12) and (7.10). The result is

0 #) = [ am2 [ axary 3

X WA — ¥; MAEE(Y)
+ [VAR@T - Ar(x — ¥; MI[Vi(©)]
+ MAEP(0)A(x — y; M2HA()} (7.17)
where
Ay(x — y; M?) = Ay(x — y; M?)|s0- 0 (7.18)
and

A M) = (2—},)— | ;’7" [exp (~ip-x) + exp p- )] (7.19)

Functionals of x/:,m(x) and ¥%,(x) may be expressed as functionals of
PPI(X), YHD(x) and PHD'(x), Y4 (x) by means of (7.14) and (7.1). Then the
appropriate functlonal derlvatlves are

Sy (M2)* 2 2 '

aqﬁw’?g?) 3§Z€M 7 Exf)) = 8 Bumb(M"* — MFX — %)
SPMNx) S (x)
SRR ST (X))

(7.20)
= 8; Sumd(M"? — MBS — x)
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while the other derivatives vanish. The variational derivatives for the mo-
mentum space wave functions remain the same as those given in (6.16).

Anti-Poisson brackets (+) and Poisson brackets (—) appropriate to the
hypersurface description may be defined by

[f; 8less =fdM2jZn:fd3x

SF Sg S5f Sg
8 {[a¢§%2>(x) SIET(®) | SEIx) 8 <M*’"<x)]

og of dg 8f
* [ GO R | S S (x)]}

(7.21)
Note that each of the two terms separated by (%) is time independent. The
brackets defined by (7.21) are quite distinct from those defined by (6.17).
Using (7.1), (7.15), and (7.20), one finds that the basic fields satisfy

WO, ¥ ess = Srbem | o A — x; M3 (1.22)

where A is the causal propagator given by (7.13). Again, either type of bracket
may be used for the basic fields, while the Poisson bracket (— ) should be used
whenever at least one of the two functionals f and g is of even degree in the
basic fields. There is no connection between spin and statistics inherent in
the formalism.

The brackets of the momentum fields may be computed using (7.10).
Those which are nonzero are

iRM, V), P57 (M, V)]pss
8,8, 8(M% — M2)2M[L_—Ail(1:1)]383(v’ —v
= i[JFM, V'), P37 (M, V)]ps- (7.23)

In terms of the momentum fields the brackets defined by (7.21) are given by

il gleae = 3, [ aucar, v

&f og _ of dg ]
8 {[SM (M, V) 8G7(M, V) SH(M, V) 8437 (M, )
[ 3g &f og & ]}
SPSOM, ) SPT(M, V)~ &M, ) 84637 (M, V)

(7.24)



Space-Time Operators and the Incompatibility of Quantum Mechanics 107

In terms of the basis given by (6.21), the sesquilinear form (7.11) may be
written

<¢(M2), ¢(M2)> = MTz jzf d,u(v)[ §;)‘(M, v)‘ﬁg;;)(M, V)
— Y5 (M, V)$5 (M, V)] (7.25)

For each of the operators Op € {X*, P*, L**, J**, §*} [see (6.23)-(6.26)], one
may define a corresponding surface functional Op [o; ¢*, ] by®

Op [o; %, ¥] = f AM2, Op Y
= > | dula, Vs, v) Op Y520, )
— ¥5(M, ¥) Op ¥ (M, V)] (7.26)
For example,

PHos 1 = 3 f M, ¥ MU )" (M, VRS (M, ¥)

+ P (M, VW (M, V)]

(7.27)
One can readily show that
[P [o; 4%, ), him(Dpp- = — 8thyn(X) (7.28)
for x € o, and
[PH[o; &%, ], P o %, dllpp- = 0 (7.29)

Again an entire set of such relations exists which corresponds to the expres-
sions (6.23)~(6.26) and to the commutation relations (5.7)-(5.9), (5.11), and
(5.13).

Using (7.10) and (6.21), the surface functionals (7.26) may be reexpressed
in terms of the functions (7.14) and their conjugates. If this is done, the surface
functionals (7.26) have the form of integrals of conserved flux densities over a
spacelike hypersurface. For the energy-momentum and the orbital, spin, and
total angular momenta, the forms of these conserved flux densities are well

3 A corresponding “matrix element” Op [o; ¥*, ¢] may also be defined.



108

Coleman
known. The position-time functional is given by
X u[a; ¥, 4]
—i> j du(M, V)
im
X l)b(+)‘(1u i, __?L _ _l_ Aab i _?_ (+) M.
(80 (M, )| 0) 527 — 37 APOE) o5 [ WM, ¥)
+ 45 M, )| 0) 307 — 3 AW o [, 0
(7.30)

The corresponding conserved flux density is

b= i 2 {""w&m"(x)awzxx) Y (0]

+ 2 M) g SOUIPN) — U 5 )|

+ gv ‘M"")'(x)l,[z%z)(x)} (7.31)
and
X#los ¥, 9] = | dMdo,(0xx]

= —iZL AMd*x

{x"[zﬁ‘Mz’*(x)tﬁ%z’(X) P (%)

+ [ (M2)*(x) M2 au¢(M2)(x) <M2)( )8M2 6”:/1‘”2)(36)]
+ U CHE) (1.32)

Note that in (7.31), ${4®(x) is a function of the five variables M2 and x*, so
that the derivatives 8/6M? and ¢* commute. If this point is kept in mind, it is
straightforward to verify

Bx[x] = 0 (7.33)

In (7.32), x° = ¢ is held constant, so that it is only possible to partially
integrate with respect to the variables M? and x. It is necessary to employ
the relation

Pm(x) = —(=V? + MWE(x) (7.34)
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in the demonstration that (7.32) is a real functional. The integrated terms
may be neglected (see Appendix B).

The above analysis has dealt with the case of fields $*(x) which depend
continuously on the variable M2. Corresponding formulas for the case of a
single discrete mass may be obtained provided the normalization is suitably
adjusted. The modifications required for the energy-momentum and the
orbital, spin and total angular momentum functionals are minor. For the
position-time functional, instead of (7.30), one must use,

Xo{os g4, 91 = i > 2~ [ dus)
{7 |4 ) 5+ 3 i, v

9RO,V 3 40 55+ Fueo o, v

(7.35)
where the normalization of y§2’(M, v) is given by

M2 . —ye -
T | ) 3 W, s, ) + 01, WS, W] = 1
m
(7.36)
instead of by (6.12). In this connection, it is interesting to note that the
eigendifferentials

P AMI(x) =

1 M2+ 1/2AM2
| AMJ(x) (1.37)

have the customary dimension of length [L~1].

Much of the analysis of Sections (6) and (7) can be carried over to the
case of a single spin s. It is a straightforward matter to write down functionals
corresponding to (6.27) and (7.26) using the basis ${(M, v) for fixed s. The
bracket operations (6.20) and (7.24) are easily restricted to the case of fixed s.
Of course, the operator X*, L**, and S** and the corresponding functionals
will suffer the limitations discussed at the end of Section 5. The momentum
space expressions may be reexpressed in terms of the fields ¥¢)(x) and
P9(x) defined by dropping the sum over s in (6.8) and (7.2), respectively.
The bracket (7.22) is replaced by

M2-1/2AM?2

dMm?2 i0’

() (x' (s)* —_ ) |

), U e = [ G5 e (2

The projection operator Pr® (j5/M) defined in Appendix F is an infinite

power series in the derivative ¢*. Whether this fact leads to nonlocal behavior
is an open question.

)A(x' —Xx; M?  (7.38)
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8. INADEQUACY OF THE CUSTOMARY FORMALISM

There are two wave-function formalisms which are naturally adapted to
the description of events in Minkowski space-time. These were described
above in Sections 6 and 7, respectively. The formalism usually employed in
relativistic quantum kinematics corresponds to neither of these but rather
contains elements of both. In this section it will be shown that although it is,
in fact, necessary to use aspects of both formalisms, they are incompatible
except for the trivial case of free one-particle states. Then the ad hoc *““cut and
paste’” measures required to construct the traditional structure as a blend of
the two natural formalisms will be discussed.

Throughout the following discussion it is important for the reader to
keep firmly in mind the systematic differences in the corresponding formulas
of the two formalisms. In this connection, it should be emphasized that the
space-time density description of Section 6 and the hypersurface flux density
description of Section 7 are quite distinct, and the systematic differences in
corresponding formulas should be kept firmly in mind. In this connection
it is useful to compare the sesquilinear forms (6.5), (6.12) and (7.7), (7.11),
the orthonormality relations (6.10) and (7.8), the completeness conditions
(6.13) and (7.12), the brackets (6.17), (6.20) and (7.21), (7.24), and the opera-
tor functionals (6.27) and (7.26). In particular, note that P*[)*, ], given by
(6.28), is not positive definite, while P*[c; $*, ], given by (7.27), is positive
definite. Also, the number functional

N[y* ¢ fd#(M VT (M, V(M v) + P37 (M, (M, v)]
(8.1)

is positive definite, while the charge functional

Qlos ¢*, 4] = ZAfd#(M, VPG (M, VM, v) — (M, (M, )]

(8.2)

is not positive definite.

Of the two formalisms, only the space-time density formalism has a
positive-definite inner product, namely, (8.1). Since a positive-definite form
is required for the usual interpretation of quantum mechanics, one must use
the space-time density formalism. It is interesting to note that an entirely
similar formalism may be constructed for any Euclidean or pseudo-Euclidean
space. In the case of a pseudo-Euclidean space, provided that all momentum
star classes are treated symmetrically, no connection between spin and statistics
results. In the Euclidean case, this lack of spin-statistics connection follows
automatically from the fact that there is only one momentum star class (other
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than p = o). Moreover, if all star classes are included in the completeness
relation one obtains an n-dimensional Dirac 8 function where » is the total
dimension of the space. If only some of the star classes are included, one
obtains approximations to this Dirac 8 function; for example, the even
function A,(x — y; M?) approximates 3*(x — y) for wave functions which
have momentum support on the forward or backward mass shell in the case
of Minkowski space-time. The energy functional for this formalism is not in
general positive definite.

On the other hand, the flux density formalism has a positive-definite
energy functional but does not have a positive-definite inner product. Rather
the best one can do is the indefinite form given by (8.2). The completeness
relation for this form has a minus sign associated with the negative frequency
states, and it is this sign which leads to the causal functions A(x — y; M?),
Again, the decoupling of spin and statistics follows from the symmetric
treatment of positive and negative frequency states. It is the flux density
formalism with its conserved flux densities and causal propagators that is
required by Lagrangian dynamics.

Thus for relativistic quantum mechanics both the space-time density
and the flux density formalisms must be used. But these are incompatible
except for the case of free, single-particle states. Compare the momentum
space expressions for the respective bracket forms (6.20) and (7.24). It is clear
that one may employ the Fock space construction either for (6.20) or for
(7.24) but not for both simultaneously; therefore, one is restricted to single
particle states. Moreover, if the inner product (6.5) of the flux density formal-
ism is projected onto a spacelike hypersurface, one obtains the result (7.17).
By definition, this inner product is time independent for the case of free
propagation. However, it is easy to show by considering the interaction
Lagrangian for the simple case of a complex scalar field ¢(x)

L = g(*(X)P(x))" (8.3)
that the inner product (7.17) is not invariant for a general Hamiltonian flow.
Note that the nonlocality in the expression (7.17) follows from the fact that a
quantity which has a local expression in space-time is projected onto a
three-dimensional subspace.

The conclusion to be drawn from the above discussion is that quantum
mechanics and Lagrangian dynamics are incompatible in the context of
special relativity.

In order to secure this conclusion, it is necessary to show that the formal-
ism traditionally used in relativistic quantum mechanics is not a viable
alternative but rather consists of an irrational blend of the space-time
density formalism and the flux density formalism.

Recall that the space-time density formalism has a positive-definite
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sesquilinear form but an indefinite energy functional and that the situation
is reversed for the flux density formalism. For a classical field, the flux density
formalism is adequate because the positive-definite inner product is not
required, and the positive and negative frequency parts of the field can be
treated symmetrically without any difficulty. However, for relativistic
quantum mechanics, both the sesquilinear form and the energy functional
must be positive definite. This demand leads to the first ad hoc step, namely,
the reinterpretation of the negative frequency part of the wave function. The
conjugate of the negative frequency part of the wave function is associated
with a particle state; consequently, the expansion

binx) = f du(M, VS M, v, 5, WM, v)

+ f500c; M, v, s, D (M, V)] 8.9
where
F500e; M, v, 5, 0) = D fi(x; M, v, 5, )UR 8.5

is used in place of (6.8). The wave function J{; (M, v) transforms in the same
way as ¥i (M, v) under an element of the Poincaré group, and U® is the
standard unitary matrix (Fano and Racah, 1959) which transforms the
representation D® of 0(3) into the conjugate representation D®’. Since U®
is unitary, a sesquilinear functional of the field (8.4) can be obtained from the
corresponding sesquilinear functional of the field (6.8) by means of the
substitution

Y(M, v) = H50°(M, V)
PR(M, V) = (M, V)

For example, the nondiagonal versions of (8.1) and (8.2) become

(8.6)

N[g*, 4] = f du(M, VI (M, VM, v) + §(M, IEE (M, ¥)]

8.7

and
Ol ##, $1 = 3, [ d, VIR (M, VSO, 1) — F(, VT (M, V)]
> (8.8)

It is evident that the conjugation operator * is applied to ¢~ rather than
=) in (8.7) and (8.8) and that the same will be the case for every sesquilinear
functional discussed in Sections 6 and 7. This is the first inconvenient result
of applying the apparently harmless reinterpretation principle. This difficulty
appears less serious for the case of diagonal functionals for which = ¢
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because the defect can be remedied by a simple reordering of the wave func-
tions. The situation is similar when field operators are used. This ad hoc
procedure of changing the order by hand is usually called normal ordering.

The substitution (8.6) has a striking effect on the brackets defined by
(6.17) and (7.21). Consideration of the momentum space expansions (6.20)
and (7.24) shows that (in the boson case) the brackets are interchanged under
this substitution after a suitable reordering of terms. Thus

{f8}- «ilf.gles- 8.9
Instead of (7.23), one obtains

l[‘p(s;\)’(M’: V’), ‘/’S\')‘(Ms v)]PB—

= as’saA’)\S(Mlz - M2)2M|:1__§Z(V.—V)]333(v, - V)

IPRAM’, ¥), §53 (M, V)]ps - (8.10)

and the usual Fock construction may be used for multiparticle states in the
flux density formalism.
The normal ordered form of (8.7) is

N 41 =3, j du(M, DG (M, (M, ¥)
+ MMM 81D

This expression is used as the inner product in the conventional formalism.
In the case of discrete mass, the integration over the mass is of course sup-
pressed. If this expression is projected onto a spacelike hypersurface using
(8.4), one obtains the rather complicated formula

W9 =1 f am> f dxd'y 3 [ 000 — ¥; M)

+ (VAR @)* Ay(x — y; MV, 45(y)
+ MAZT(0A(x — y; MA$H)]
+ [complex conjugate]}

+ 5] ame [ x5 1o

— Y (X))
+ [complex conjugate]} 8.12)
where A,(x — y; M?) is given by (7.18).
The expression (8.12) should be compared and contrasted to (7.17). The
nonlocal character of the real part of (8.12) again follows from the fact that
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the inner product belongs to the four-dimensional space-time formalism and
is projected onto a three-dimensional spacelike hypersurface. In contrast with
(7.17), the imaginary part of (8.12) is local and defines a real, nondegenerate
symplectic form for the wave functions [¥¥?(x), $4®(x)]. This symplectic
form and the modified bracket relations (8.10) indicate that the reinterpreta-
tion and normal ordering principles succeed in adapting the inner product
structure of the space~time density formalism to the Lagrangian structure of
the flux density formalism (Bongaarts, 1972). However, in addition to the
fact that these two principles are rather arbitrary, not everything works out so
nicely.

In the space-time density and flux density formalism, one readily obtains
the respective bracket relations

(XU, ), PP, )} - = igN(*, §) (8.13)

[X*(o; §%, ), P(o; 4%, P)les- = g Qo; 4%, 4) . (8.14)

These bracket relations are sensible because N(p*, ¢) and Q(e; ¥*, ¥) given
by (8.1) and (8.2) are just the respective unit functionals in the two formalisms.
However, after the principles of reinterpretation and normal ordering have
been applied to the flux density formalism, one finds that the relation (8.14)
still holds. Unfortunately, Q(o; *, ¢) is no longer the unit functional for the
resulting formalism. This role is now played by N(J*, ). Consequently, in
the conventional formalism, the position-time functionals do not transform
properly under translations. This failure is now perfectly understandable and
is an indication that the application of the principles of reinterpretation and
normal ordering is not a consistent procedure.

Since the conventional formalism does not treat the positive and negative
frequency parts of the wave function in a symmetric way, the choice of
statistics is no longer arbitrary. For wave functions which transform accord-
ing to a unitary representation of 0(1, 3), one must choose Bose-Einstein
statistics. By using finite-dimensional representations of 0(1, 3), one obtains
an additional sign (—)?, where s is the particle’s spin, between the positive
and negative frequency contributions to the bracket relation for the wave
function ; consequently, one can obtain causal bracket relations provided the
customary relation between spin and statistics is adopted. This switch to
finite-dimensional representations leads to further difficulties with position-
time operators since only truncated versions of such operators can be
defined unless unitary representations of 0(1, 3) are used (see the comments
at the end of Section 5).

The irreducible, finite-dimensional representations of 0(1, 3) are given by
(Naimark, 1964)

and

DB — D@0 @ DO:B (8.15)
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where D9 and D® are complex extensions of the UIR of 0(3) and
A, Be{0,4,1,3,2,...}. The quantum numbers 4 and B are usually sup-
pressed by assigning them more or less arbitrary values possibly chosen for
simplicity. These additional, unwanted quantum numbers result from the
fact that the formalism is adapted to the description of a system with three
degrees of freedom in excess of those possessed by a classical particle. This
point is discussed further in Section 10. The same difficulty arises in connec-
tion with wave functions which transform according to a UIR of 0(1, 3), in
which case the additional quantum numbers are (p, ko). In this particular,
none of the three formalisms is adequate.

The use of finite-dimensional spinor wave functions involves additional
difficulties. For example, the inner product for the four-component spinor
wave function (p) which transforms according to DY/29 @ D1/ i3 given
by

) = [ 5200 L 40) 8.16)

The presence of the Hermitian Hilbert space metric matrix (y%-p)/M is due
to the fact that the spin projection operator is not diagonal in the chosen
basis. The fact that this matrix depends on p* is inconvenient from the
viewpoint of constructing a Lagrangian; consequently, it is customary to
discard half the degrees of freedom by projecting onto a subspace for which

L2 4(p) = ¥(p) 8.17)

This relation is just the Dirac equation. For particles with higher spin s,
the metric matrix will be at least of degree 2s in p* and the manipulations
required to remove the momentum dependence of the metric matrix are
considerably more complicated.

Another point of interest is the fact that in the space-time density and
the flux density formalisms, both the completeness condition and the bracket
relation for the basic fields yield the unit distribution for the system in ques-
tion. Compare (6.13) with (6.18) and (7.12) with (7.22). However, in the
conventional formalism no such relationship holds. This peculiarity of the
conventional formalism bears a strong resemblance to the difficulty that arises
in connection with the position-time functional where the problem is the unit
functional. [See the comments made above in connection with (8.13) and
(8.14).]

In conclusion, the customary kinematic formalism used as a foundation
for relativistic quantum mechanics and relativistic quantum field theory
contains a number of anomalies which can be readily understood provided
that this formalism is viewed as an ad hoc blend of the space-time density
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and the flux density formalisms described in Sections 6 and 7. Although each
of these formalisms is self-consistent, they are incompatible except for the
trivial case of free single-particle states. The ad hoc adaptations required to
construct a workable formalism are only partially successful, and the resulting
customary formalism is internally inconsistent.

It should be emphasized that the difficulties discussed above do not
apply in the case of classical fields. First, in the classical case, a positive-
definite inner product is not required and one can simply use the flux density
formalism outlined in Section 7. Second, the tensor indices on classical fields
have a different meaning from that required by the particle interpretation
associated with the quantum case.

9. POSITION OPERATORS FOR THE EUCLIDEAN CASE

The definition and construction of position operators in nonrelativistic
Schrédinger mechanics is well known. However, it is not customary to take
as the starting point of the discussion the unitary irreducible representations
(UIRs) of the Euclidean group E(3). In the preceding sections, the construc-
tion of position-time operators starts with the UIRs of the Poincaré group
E(1, 3); therefore, it is useful to review here the parallel construction for the
Euclidean case. Since the formulas for the Minkowski case are justified in
detail above, only an outline of the Euclidean case is presented here. It should
be emphasized that, although formulas are given only for the group E(3), the
construction may be carried through for the Euclidean group in n dimensions,
E(n).

Denote by x;(P) the coordinates of a point P in Euclidean space. Under
an element (a, R(w)) € E(3), the coordinates transform according to

x' =a+ Rx .1)
The rotation matrix is given by
R(w) = exp [-; w,.,lij] 9.2)
where
(Iij)kl = —i(8;0; — Silsﬂc) (9-3)

A UIR of E(3) has Hermitian generators P; and Jj; for translations and
rotations, respectively. For a complete set of commuting observables, one
may choose the three-momentum and helicity operators, namely,

P; 3einiiPy 9.4)

which have eigenvalues p; and |p|A, where A denotes helicity. The momentum
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space wave function for a particle with helicity A is a complex-valued function
¥r(p) square integrable with respect to the inner product

th#) = [ dP@HD) ©5)
Under a rotation, the wave functions transform according to

[URI\(p) = exp {iA6[R™1(P)RR(R™'p)[fn(R™"p) (9.6

where R(p) is the rotation in the plane of g = (0, 0, |p|) and p which takes p
into p.

Wave functions which transform according to (9.6) are intrinsic tensors
on the momentum sphere. Introduce the coordinates (p, £, £2) by

_ P 1 ¢2 1 LA =

then
dp; = ulé) dp + puy () d&*

dp-dp = (dp)? + [ﬁ]zdf-df ©.8)
o) = 250

Under a rotation R, an intrinsic vector field ¢ defined on the sphere trans-
forms according to

WL, § = By, R0 ©9)

The transformation law (9.9) is the same as that given by (9.6) for A = +1.
The difference lies in the fact that the tensor indices in (9.9) refer to the
coordinate basis #; ,(£), while the helicity A = +1 in (8.6) refers to the basis

m1(€) + nip(§)
5112

where
mo(8) = [1 + HE- Oy o(é)
no€)-ns(8) = 85 (9.10)
Using this correspondence parallel transport can be defined for the field

i(p, €) in a manner analogous to that used in the Minkowski case (see
Section 4).
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For a scalar wave function (p, £), the usual definition of the position
operator X; is

7
2,1

7
api [ul(f) ap p

a b7}
A o) 7] ©.11)
where A“(¢) = [1 + 4(¢- £)]28,, is the metric tensor on the sphere. In the
case of nonzero helicity, the expression (9.11) must be modified by replacing
the partial derivative 8/0¢° by the covariant derivative 8/8¢#, so that

Xo= i[u®) £ + £ 4,0 55| ©.12)
Compare (9.12) with (2.7). The operators defined by (9.12) satisfy
[ X, P;] = idy, (9.13)
However,
[Xi, X;] # 0 ©-14)

because the covariant derivatives do not commute. If L;; is defined by

Ly = X,P; — X,P; (9.15)
then
Jij =Ly + Sy (9.16)

However, L;; and S;; do not satisfy the same commutation relations as J;; and
do not mutually commute.

The standard solution of these difficulties is to use wave functions which
transform under rotations according to a UIR of 0(3), the Casimir operator
of which then represents the particle’s total spin angular momentum. Except
for the scalar case, the wave function must then describe more than a single
helicity state; for example, A = 0, +1 for the case of spin 1. In a Cartesian
basis the position operator is just the partial derivative (9.11). One obtains
the relation (9.16) where the operators L;; are again defined by (9.15) and the
operators S, are just the generators of the UIR of 0(3). These operators, L;;
and S;;, are Hermitian, mutually commute, and satisfy the same commutation
relations as J;;. Since

[X:, %eﬂctJﬂcPt] = [Xi, %ejktSﬂch] #0 .17

the position operator has nonzero matrix elements between states of different
helicity. A similar comment applies to the operators L;; and S;;. If these
operators are restricted to a space of definite |A| by transforming from a
Cartesian basis to a spherical basis and discarding the unwanted terms, the



Space-Time Operators and the Incompatibility of Quantum Mechanics 119

operators are truncated, and it is this truncation which leads to the unaccept-
able commutation relations for the position operator (9.12) and for the corre-
sponding truncated versions of the operators L;; and S;;, namely,

Ly = MO o8) — 1O 550 ©.18)

and
(Si)as = [111, (g, 6(8) — w5, )i, ()] ©.19)

An important difference between the Euclidean and the Minkowski
cases is the fact that all of the UIR’s of (1, 3) are infinite dimensional so that
wave functions which represent an infinite spin tower must be used.

10. CLASSICAL PARTICLE WITH SPIN

The source of the difficulties described in the preceding sections may be
traced to the fact that the mathematical formalism of relativistic quantum
kinematics is not appropriately adapted to the description of certain aspects
of the concept of a point particle with spin. In order to emphasize those
features which are not appropriately described, the classical description of
the motion of such particles will be briefly reviewed using the formalism of
mass shell tensors.

The history of a moving point particle is represented in Minkowski
space—time by the world line of the particle, a curve z#("), where Z~ denotes
the proper time of the particle. Using the velocity coordinates defined by
(A.22), one obtains for the unit timelike velocity four vector

i
gd—;-.-_ = u(v(7)) (10.1)
Since the force four-vector F* is always orthogonal to the velocity four-
vector, define ¢ by ’

F* = fuloe(W(T)) (10.2)
Then, if M denotes the rest mass of the particle, the equation of motion is
dv®
M 7= fe (10.3)

For a particle with charge e in an electromagnetic field F+* where
FY = —[ur(Wuly(v) — v’ (Muy(v)]6e
— L Wl (v) — wl (Vuty(v)] B (10.4)
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the mass shell force vector f* is given by
fo = ef® (10.5)

A completely adequate model for intrinsic spin does not yet exist;
however, it is customary to represent the intrinsic angular momentum of a
point particle by a Lorentz four-pseudovector .S* which is orthogonal to the
four velocity at every point of the particle’s world line. Even if there is no
applied torque, the spin pseudovector S* must nevertheless change with time
in order to remain orthogonal to the four velocity. If it is also required that
2,,5%S" remain constant along the world line, the spin pseudovector must
satisfy the equation for Fermi-Walker transport (Misner et al., 1973)

5% | gu('a® — Wa)ST = 0 10.6
dg.+gv,,ua—ua) (10.6)
where
a2z du* i
b= oo = g = W) d} (10.7)
Define the mass shell spin pseudovector &2 by
S# = Sk (v) (10.8)

Then, it is straightforward to show that #° satisfies the equation for parallel
transport relative to the intrinsic geometry of the mass shell, namely,

dy“ » AU°
+{b c}y 7 =0 (10.9)

The expression for Thomas precession (see Misner et al., 1973, p. 175, for an
alternate treatment) may be derived in a particularly elegant manner from
equation (10.9). This computation is presented in Appendix H.

Higher-order structure of a particle may similarly be described by mass
shell tensors; for example, a quadrupole moment is represented by a mass
shell tensor 29 which is symmetric and traceless:

2% — gba (10.10)
Agp(M)2%° = 0
and satisfies
dgab . ch ac 27 ..
a7 {c d}’@ T { }"@ (10.1)

in the absence of coupling to external fields.



Space-Time Operators and the Incompatibility of Quantum Mechanics 121

For a particle with a gyromagnetic ratio T', equation (10.9) must be
replaced by

ase a b fli’i _ ab c g
T + {b c}y 17 = T A%°(V)ey g S °B (10.12)
where
B = A (v)e bR (10.13)

Finally, it is interesting to note that the Abraham four vector I'“ is given
by (Rohrlich, 1965)

"
2 é? (ng—. + a"a,\u“)

3
2 ,{d%" a \ dv® dv*
§e (W + {b c}d?'d?)ul"“(v) (10.14)

The usual heuristic model of an extended particle is a tube of world
lines which is everywhere timelike and which has a small three-dimensional
cross-section at every point along its length. (For a covariant description of
such a tube, see Sorg, 1974; Synge, 1974.) Such a tube is most aptly charac-
terized by describing its cross-section at each point along its length. The
structural features of each cross-section may be specified by means of tensors
belonging to the three space of the cross-section; consequently, in the limit
of a point particle, structural features are described by mass shell tensors
which vary with the particle’s proper time.

It is clear that the spin of a particle and all of its multipole moments are
well defined only if the four momentum of the particle is precisely known.
In classical physics, this fact does not cause any difficulty since position and
momentum may be simultaneously determined with arbitrary precision.
However, in quantum mechanics, to the extent that the particle’s position is
defined, its momentum is not defined, and its spin and multipole moments are
not defined either. This fact is the basic source of the difficulties described in
the preceding sections.

In principle, the Feynman path integral formalism (Feynman and Hibbs,
1965) for quantum mechanics offers a way out of this difficulty because
probability amplitudes are assigned to entire world lines. However, as soon
as an attempt is made to define the customary wave function for a particle at a
point at a given time, the difficulties with spin described above return. This
wave function is defined to be the sum of the probability amplitudes for all
the world lines which lead to the space-time point from the past. Clearly, at
the space~time point, the various world lines will have different four mo-
menta, so that, unless one is willing to merely average over the spin variables
before summing over the world lines, one has difficulty in representing the

T
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spin information. Nevertheless, the difficulties with spin are not built into
the foundations of the Feynman path integral formalism, and although the
formalism is plagued with other problems, research on this formalism may
provide a solution to the problems with spin described in this paper.

There are two essentially different geometries possible for a particle in
Minkowski space-time which will be called the sphere geometry and the tube
geometry. In both cases, the particle’s path in space-time is specified by an
everywhere timelike world line. In the sphere geometry, the orientation at
each point of the world line is specified by assigning an arbitrary tetrad
subject only to the condition that the tetrad vary continuously along the
world line. In the tube geometry, discussed above in this section, the tetrad
at each point of the world line is further restricted by the requirement that the
timelike member of the tetrad be tangent to the world line at the given point.
In the case of Euclidean three space, the same two alternatives are available.
Given a twisted space curve, in the sphere geometry, one may specify an
arbitrary triad at each point on it, while for the tube geometry one of the
triad’s vectors must always be tangent to the space curve at the given point.
Now in Section 9, it was shown that satisfactory position operators for the
Euclidean case cannot be defined for wave functions which transform accord-
ing to a UIR of E(3). It is necessary to use wave functions whose spin indices
transform according to a UIR of 0(3) rather than according to a UIR of the
little group which is 0(2). The wave functions are then described by an
additional quantum number, the total intrinsic angular momentum, the
presence of which indicates that the wave functions describe three-dimensional
objects moving in three-dimensional space. Similarly, in Section 5, it was
shown that fully adequate space-time operators for the Minkowski case can
be constructed only if wave functions with spin indices which transform
according to a UIR of 0(1, 3) are used. In both cases, one is dealing with the
sphere geometry rather than the tube geometry. In nonrelativistic physics
time is separate from three space and one is describing three-dimensional
objects in three space, so that, the sphere geometry is the appropriate one.
However, in relativistic physics, space and time are unified and it is necessary
to deal with the tube geometry rather than the sphere geometry; conse-
quently, wave functions which transform according to a representation of
0(1, 3), whether finite or infinite dimensional, are not appropriate. Moreover,
it is not at all clear that an appropriate quantum description of tube geometry
even exists. In the classical case the problem is readily solved by means of mass
shell tensors.

The important point to be emphasized here is that simple generalizations
of the formalism used in the nonrelativistic case, such as replacement of three
tensors by four tensors, are not always appropriate. While it is possible to
regard density and flux as components of a four vector or energy and three
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momentum as components of four momentum, quantities such as intrinsic
spin and multipole moments must be treated quite differently.

11. CONCLUSIONS AND COMMENTS

The kinematic formalism currently used as the foundation for relativistic
quantum mechanics and relativistic quantum field theory is not internally
consistent and is not appropriate for the description of particles possessing
internal structure such as spin and multipole moments. Three main arguments
were advanced in support of this conclusion.

First, as discussed in Section 10, the description of particle structure is
rather more complicated in the Minkowski case than in the Euclidean case.
In the nonrelativistic case, time and space are separate, and unconstrained
Euclidean tensors may be used to describe particle structure. In the relativistic
case, however, the structural features of a particle must be described in the
rest system of the particle, and the Minkowski tensors used for the description
are constrained to have nonzero projections only on the three-dimensional
subspace orthogonal to the particle’s four momentum. Thus, in the relativistic
quantum case, any uncertainty in the direction of the four momentum
automatically results in an uncertainty in any quantity describing the particle’s
structure. The use of wave functions which transform according to repre-
sentations of 0(1, 3) allows for unneeded degrees of freedom. The additional
quantum numbers, the eigenvalues of the Casimir operators of 0(1, 3), must
then be arbitrarily specified, and even then additional constraint equations
are required.

Even if these objections are brushed aside and wave functions which
transform according to representations of 0(1, 3) are allowed, there are
strong reasons for preferring the infinite-dimensional UIR of 0(1, 3) to the
finite-dimensional, nonunitary spinor representations of 0(1, 3) that are used
in the customary formalism. Briefly, there is a completely general construction
for position or position-time operators for any Euclidean or pseudo-Euclidean
space regardless of signature or dimension (see Sections 2-5 and 9). This
construction is based on the covariant momentum derivatives of the momen-
tum space wave functions with respect to the intrinsic geometries of the
various momentum space “mass shells” involved. In the Minkowski case,
the use of this construction leads to the requirement that wave functions
transforming according to a UIR of 0(1, 3) be used; consequently, spinor
fields must be rejected. Since this construction is accepted as standard in the
Euclidean case and since it is quite generally applicable, its rejection in the
particular case of Minkowski space-time must be regarded as ad Aoc.
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The third argument showed that the numerous peculiarities of the
customary kinematic formalism can be understood provided that this formal-
ism is regarded as an ad hoc blend of two other formalisms, the space-time
density formalism and the flux density formalism. The latter two formalisms
were discussed in Sections 6 and 7, respectively, while the analysis and criti-
cism of the customary formalism was presented in Section 8. The arguments
of Section 8 can only be understood if the analogous formulas of Sections 6
and 7 are thoroughly compared and contrasted with each other and with the
corresponding formulas of the customary formalism which may be found in
any standard text on relativistic quantum mechanics or relativistic quantum
field theory. Although the space-time density and the flux density formalisms
are themselves internally consistent, their mixture, the customary formalism,
is not.

Quantum electrodynamics has successfully passed every experimental
test so far devised. Yet the theory is logically flawed. An ingenious recipe has
been found for obtaining correct answers from an incorrect theory. At
present, it appears likely that experiment will not be able to provide clues to
guide research on this difficult but fundamental problem. The relevance of
the analysis presented above is that it does point to several specific features of
the theory that require radical revison. It should be stressed that the well-
known difficulties of relativistic quantum field theory result not merely from
the use of inadequate computation methods such as perturbation theory, nor
even from the failure to find the precise interaction for which the singularities
will cancel. Rather, their origin lies much deeper in the structure of relativistic
quantum kinematics itself, It is possible that somewhat different formulations
of relativistic quantum mechanics, such as the Feynman path integral formal-
ism briefly discussed in Section 10, will provide a solution to some of the
difficulties discussed above; however, it is important to ensure that these
difficulties do not merely reappear in a disguised form. On the other hand,
the difficulty of constructing a consistent relativistic quantum mechanics
appears sufficiently great to justify attempts to find a classical explanation for
quantum phenomena in the form of nonlocal hidden-variable theories.

APPENDIX A: THE INTRINSIC GEOMETRIES OF
THE INTERIOR OF THE FORWARD LIGHT CONE
AND OF THE MASS HYPERBOLOID

In this appendix the notational conventions are fixed and a number of
geometric formulas used in the main text are presented. (See any standard
text on differential geometry. An elementary treatment is given in McConnell,
1957.)
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Let X denote a point in space-time and denote by
x* = (x% xt, x2, x%) = (¢, X') = (£, x) (A.1)

the coordinates of X in a given frame. The Minkowski metric is given by

[g"'] = [guv] = diag (1, -1, -1, _1) (A2)
The space-time interval is
dX)? = g, dx* dx* = (dt)? — dx-dx (A.3)

and the measure on space-time is
du(x) = d*x = dx® dx' dx® dx® = dt d°x (A4)

{x, A, p, v,...} are used for space-time indices, while {i, j, k, /, . ..} are used
for space indices.

Let P denote a point in the momentum-energy manifold, the interior of
the forward light cone in momentum space. Such a point corresponds to a
Minkowski four-vector p* which satisfies

guwp'p’ > 0 (A.5)

However, it is more convenient to use the orthogonal, curvilinear coordinates

v* = (1% 01, 0%, 0%) = (M, vY) = (M, V) (A.6)
defined by
P i (A7)
1 — Hv-v) 4’ '
where
p°>0 M>0 lv] <2 (A.8)

{e, B,v,8,...} are used for velocity-mass indices, while {a, b, ¢, d, ...} are
used for velocity indices.
It is interesting to note that in the nonrelativistic approximation |v| « 2,

' = [M + $Mv-v, Mv] (A.9)

The differential element in momentum-energy space is given by

dpt = plo dv* e =5 (A.10)
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where

Plo = 1—:];(v v)[ ]
P = U—;;ﬂP[’%L+
vy

_rv
4
° v??
i = ee———e —— —
“2u~wm4’22+@
0
I e [” "2 2°72
Define 7,, by
Mg = DD
and 7% by
")uﬁ"lﬂv = §,%
then
g" = 1"plubls
Explicitly, 7., and »*# are given by

s V0 0% 0% (
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-v) %2 (A.11)

(A.12)

(A.13)

(A.14)

(A.15)

Y (UO)Z (UO)z (UO)Z
el = 0 {1, ~ =P~ R R
] ding {1 L= 2OVF [ —d@wP [ - @P
(] = dlag{l, - °)? > T (30)2 » COE }

The momentum-energy interval is

M 2
(dPY2 = o do® do® = (dM)? — [1—%‘_‘(6‘7)] dv-dv

The measure on the momentum-energy manifold is

du(P) = [——M—-—]s M dd
1 —-3(vv
Define
7 = det [75]
then

du(P) = (=)' d*v

(A.16)

(A.17)

(A.18)

(A.19)
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The momentum-energy gradient is given by

9
op,

Only invariance under the Lorentz group rather than invariance under
the larger group (semigroup) which leaves the form (A.16) invariant is
required. Each of the mass hyperboloids, which are all similar, is invariant
under Lorentz transformations. Some useful results relating to the intrinsic
geometry of the forward unit mass hyperboloid follow.

Let U be a point on the forward unit mass hyperboloid with coordinates

0
= 1Pt 53 (A.20)

@, %, 0% = (v) = (%) (A21)
defined by
1 V-V
uH(v) = l_—_%(‘v_;j [1 + T VJ (A22)
The differential element is given by
do =t dot = O (A.23)
where
Pa= Mty  (@=1,23) (A24)
and the p*, (a = 1, 2, 3) are given explicitly by (A.11).
Define A4,, by
Ay = "'guvu‘.‘aurb (A25)
and 4% by
A4, = 8.° (A.26)
then
A%t i’ = wru’ — g (A.27)
The hyperboloid metric tensors are explicitly given by
Ay = S 8
BERURSE U (A.28)
4% = [1 — v -V
The interval is
1
2 a b — — B
dU)? = A,y dv® dv T=I0VF dv-dv (A.29)
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Define
A = det (4,) (A.30)
then the invariant measure is
d3v
= 12 Jl 2,2 Js3
du(U) = (A)Y2 dv* dv? dv M= I 9P (A.31)

The Christoffel symbols are defined by

1 {0A4,. 04, 04,
[ab, ] = 3 (—811_“ o 6vc)

(A.32)
¢ — cd
{a b} = A°ab, d]
and are given explicitly by
o 1 1 a@ b —_ ne
[ab, c] = 2T —3v-9F (%8s + 08,5 — 0°84) .

c| 1 1 a » .
{ab}_im(l’ Ope + 1780 — 1°84p)

The Riemann-Christoffel tensor, defined by

R R AT
(A.39)
is just

1
Ripeq = m (Sbcsda - 8casbd) = AadAbc - AacAbd (A35)

The Levi-Civita tensors are
1

ac'_“Al/zeac:—'— abe
Sane = AV Pewne = [Ty % (A.36)
e = ﬁz_eabc —_ [1 _ %—(V'V)]aeabc

where ¢ and e, are completely skew and e'?® = e,,, = 1.
Denote the covariant derivative by a semicolon, then

o2yt c | ou*
u‘fa;b = W - {a b}g&z = Aa,,u“ (A37)

a relation known as Gauss’ formula.
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The momentum-energy gradient (A.20) has the three-dimensional form

0 0 1 0
—_— = Yyt — . — . Aub, % —
. u*(v) 5 MA (v P (A.38)
Given a Lorentz transformation A, write
V=A% (A.39)
where
u'(v) = A~ u"(v) (A.40)
then

n OO
Auvurb(v) 20° = uf‘u(v)
o (A.4])
ar
o
The second equation of (A.41) shows that the Jacobian is just the well-known
Wigner rotation up to trivial stretch factors. From this fact, it follows that
particle wave functions are just intrinsic tensors on the mass hyperboloid.
Moreover, the correct momentum-energy gradient of such wave functions is
given by applying (A.38), with 8/0v® replaced by the covariant §/8¢°
Finally, under a coordinate transformation, the Christoffel symbols
transform according to

e _[d\ar [a)0f o
e \b cf of del o o (A.42)
e _(dVor [a\ot
oot \b cf ov? d el 0" ov”
APPENDIX B: THE HERMITICITY OF X*

First, consider the position-time operator defined in Section 2. Integrat-
ing the first term of (2.6) by parts, one obtains

WY (M, )

—uh (V)AL (VYA

—i | dM du(v)MA®(v) 2=

= —i [ duOMPAPEWEM, M, V=S

+ 1 [ du(, DA, ) POV
+ 31 [ dulM, v) 37 APHE e, v B

On a curved space, it is permissible to integrate by parts in the usual
manner provided that the appropriate covariant quantities are employed.
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Thus the second term of (2.6) gives

f M?® dM du(v) — A“”(v)Ac"(v)u“c(V) o (M Y $o(M, V)

= 1 b2 a0 4 5 | 37 4D A M, D, )|

—i f du(M, v)AilA“"(v)A"”’(v)./,g(M, W (y) 2 Y) 5¢b(M v)

— 31 duM, 3) 37 AWM, D @R V) (B2)

where the last term comes from applying the relation (A.37) and observing
that A°%(v)A4.4(v) = 3. The first term on the right-hand side of (B.2) leads to a
surface integral at |v| = 2 (infinite momentum) which is assumed to vanish.
The integrated terms in (B.1) may also be neglected. It is assumed that the
wave functions decrease sufficiently rapidly in modulus as M — oo. If (2.5)
and (2.6) are well defined, then as M — 0, the wave functions are not more
singular than 1/M so that the integrated term for M = 0 must also vanish.
Combining (B.1) and (B.2), one readily obtains

(X4, 4) = (b, X¢) (B.3)
This derivation can, of course, be carried out using only the standard formula
for integration by parts. Then, the work is most efficiently organized by
expressing the partial derivative in terms of the covariant derivative and terms
involving the Christoffel symbols. The numerous additional terms vanish in
pairs.

It is evident that the position-time operator for the case of a given fixed
mass is also Hermitian. Integrating the first term on the right-hand side of
(3.3) by parts gives the result in (B.2) apart from a change in the measure
throughout. The second term on the right-hand side of (3.3) combines with
the last term of (B.2) to give the last term in (3.2).

APPENDIX C: THE COVARIANCE OF Xx*

For the operator X* given by (2.7),

@, UTHAXHU(A))
= (UM, X*U(M)é)

- f du(M, VAP® U (AWM, ¥)

x i[u“(v) -8% _ AilAw(v)ufc(v) %][U(A»],,(M, v (€D
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Using (2.2) and (A.40), one obtains

[ a0, AU AWM, V05) 537 (UMM, V)

= i duot, o) L e, )

x Ak g(A-ty) T ,,") g % (11, A=) (C2)

Jd,u.(M AW AP(A (M, A~ V) A% uP (A W) 52t s o (M, A~ ly)

= A%y [ M, DA, V) T (M, V)
Using (2.2), (A.41), and (A.42), one obtains

[ (M, DASOIT AWM, ¥) 37 A“E)

x| b4 v - { o o]

a(A

= —i f du(M, A-19)a0() LB yxar A-1y)

(A v) (ALY op (M, A~1v)
o’ ot (A~ vy

B, bt A= —{ [ L o, 4o

x iACd(v)Au (A1 )a(A lv)h[

HAD yrt, A €3)

i f du(M, A=) A()

HA~WY o(A~v) o (M, A~1y)
o® ovt oAy

_ {kfl } a(Aa;:v)k a(/;;:v) Y A_lv)]

g AmAnanar) |

= —iA%, J du(M, A= V)A(A VWM, A1)

R o A RIS

= it [ du(M, VAWM, ¥) 57 A1) 305 4, V)
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Hence
@, U (D)X UMY = A%, X'8) (C49
The result (C.4) is also valid for the operator X* defined by (3.4) because
the transformation of the first term follows the same pattern as in (C.3),

while the transformation of the second term follows the same pattern as in
(C.2).

APPENDIX D: PURE LORENTZ TRANSFORMATIONS AND
PARALLEL TRANSPORT ALONG MASS HYPERBOLOID
GEODESICS

Given two points U; and U, on the forward unit mass hyperboloid with
coordinates v; = v(U;) and v, = v(U,), respectively, denote the pure Lorentz
transformation in the plane spanned by u*(v,) and w*(v,) which takes u*(v,)
into u*(vy) by B(vg, v;). Then

AB(Vz, vl)A_l = B(AV2, Avl) (D.l)

If v = v(U) are the coordinates of a point U between U; and U, in the
plane spanned by #*(v;) and #*(v,), then the point U traces out the geodesic
between U, and U, as the hyperbolic angle £ given by

cosh ¢ = g, u*(V)u"(vy) (D.2)
increases from ¢ = 0 to ¢ = £,,, where
cosh £;5 = g, u(vou'(vy) (D.3)

Moreover, ¢ is the length along the geodesic from U, to U. (Compare with
the analogous case on a sphere.)
The Wigner rotation corresponding to the Lorentz transformation
B(v,, ¥1) is given by
R(v;, v;) = B(0, v5)B(v, v1)B(v,, 0) (D.4)
The task is to evaluate R(v + dv, v) to first order and show that (4.13) and

(4.12) agree to first order.
Using (A.37), one obtains to the order indicated

(v + dv) = u“(v)[l + %(dv)z] + (V) dv® + %{acb}u‘,‘c(v) dv® dv®
(D.5)
WV + d¥) = (V) + Ag(Wu(v) dv® + {acb}uf‘c(v) v

where
(dv)? = Agu(v) dv® dv® (D.6)
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Thus

cosh (d§) = g, (v + dVu’(y) = 1 + Ydv)?

sinh (dg) = d = db ®.7)

The pure Lorentz transformation which takes v into v + dv is given by

B(v + dv, v = g¥ + dv[u“c(v) —u'(v) — u c(v) u“(v)]

= [m) = 0 O) = ) =)

(D.8)
From the second equation of (D.5), one obtains
nv + dv) = nv) + (V) ——— v
@ e 1 —1Fv)
(D.9)

1, . av° arr
+ 3 [v nAY) ——— =I5 — v°n, (v) v v)}

Then the required Wigner rotation is given by [cf. (A.41)]
RV + dv, Vg = —n4(¥ + dv)B(F + dv, v),,1,'(v) (D.10)

To first order, one obtains

R(v + dv, V), = 8, +

1N, @& . ad®
5[” T—1ww 7 1—%(v-v)] (D.11)

Since R(v, v + dV)oy = R(V + 4V, ¥),,, it follows that (4.13) gives (4.12) to
first order.
Define the 3 x 3 rotation matrices S,,

(Sav)ea = —¥(85c8pg — 82405c) (D.12)
which satisfy
[Saps Scal = —i(84cSba + 3paSac — 8aaSee — 8pcS4a) (D.13)
Then
R(v,v 4+ dv) =T+ 3Q,5,

1 [ved® — 0P dv“]

Qg = —3 [T%;(V—V) (D.14)

Finally, the following expressions for the parallel transport of a Wigner
vector through a finite distance along a geodesic are given without proof:

PO, | = ¥a) = R(vs, V1)ant§(v1) (D.15)



134 Coleman

The rotation R(v,, v;) defined by (D.4) is explicitly given by

2
[1 — 3(va V)P + T6l(va X v1)- (¥ x V1)]
x {[1 — 3(v2 V) (v"0," — 05°0:%) + H(va-va)hv1 v,

+ 3(vi-vduatvs® — (Ve v)3(@201° + 0%, %)}
(D.16)

R(¥2, ¥V1)ap = Oap ~

That $X(v, | — v,) is a vector at v, follows from

(UMW, | —v2)
= R(Vz, V1)as[U(AWIE (V1) ,
= [B7(v2)B(vz, V))B(v)B~ (V) AB(A™v)]aff (A~ v1) (D.17)
= [B7H(v))AB(A~ v5)B~ YA Wo) B(A ™ vy, A7Iv)B(A ™ V)]l (A ™ Vy)
= [BH(v)AB A V)L (A7 | > A7 Mvy)

APPENDIX E: EVALUATION OF J*

For an infinitesimal Lorentz transformation
A1y = gy By (El)

set
A“lv=v + Av (E.2)

Then, the first-order terms of the first equation in (D.5) together with (A.40)
gives

Av® = Lo, , APV (V) — ulo(Mu*(v) (E.3)

Since the covariant derivative of 4*°(v) is zero,
ab —  qab(g) _ Abd a ¢ _ fad b c
A%(¥ 4 Av) = A®(v) — 4 (v){ d C}Av A (v){ d C}AU (E4)

Substituting (E.4) and the second of the equations (D.5) into (A.41), one
obtains to first order
(A v)
o

= 8," = 3o (a(le(¥) — ua(ee(VNA() — {abf}Auf

(E.5)
Also

A1) = ) + 220 e (E.6)
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Using (5.1) for infinitesimal w and (E.5) and (E.6) in (2.2), one obtains
)
(J “v)ab = Aab(v)iACd(v)[uu(v)u‘,’c(v) - u"(v)u{‘c(v)] a_vd'

+ i[u‘.‘a(v)urb(v) - u‘,,a(v)uf‘b(v)] (E7)
or
W = [ 4 S (E.8)

where L* and S** are given by (2.16) and (2.15), respectively.
For the case of the more general representation given by (4.20), first
evaluate the Wigner rotation [B~(v)AB(A~V)]:

[B-*(W)ABA™'W)]as

= _nau(v)Auvnbv(v + AV)
1 e AP — P Ap®
2

= 8cl,b - %wuv(naunbv - navnbu) -

T } (E9)

Then, the infinitesimal form of (4.21) gives

DQRAB- WABA )] = 8y, — 7 o — nen,)Saphns

4
i [v*Ar® — vPAr®
~ 3 [—1—:%)—-](&:,)“ (E.10)
Using
(w)
HoA-) = o) + D ©11)

along with (E.10), (4.24) and the infinitesimal form of (5.1), one obtains from
(4.20) the result (E.8), where L** is given by (4.25) and S*° is given by

(S = ¥(m"n — 11 (Sap)ru (E.12)

APPENDIX F: SPIN WAVE FUNCTIONS
AND PROJECTION OPERATORS

As mentioned in Section 6, the unitary irreducible representations of the
homogeneous Lorentz group 0(1, 3) (Naimark, 1964) may be realized as
unitary operators U(A): # — 3, where A € 0(1, 3) and S is a Hilbert space
with a basis {| jm)} satisfying

<.],m,|.]m> = Bj'jsm’m (Fl)

The range of the indices j, m is given by (6.3). If B(v) € 0(1, 3) is the pure
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Lorentz transformation which takes u#(0) into wu“(v), then the functions
B;n(v, 5, A) are defined by

Bin(¥, 5, N = {jm|U(BM)|sA> (F.2)
Since
Ujm 3m(D)BymA A7, 8, X) = Uspy 1o (AXj'm' | UB(A V)| sX)

= (jm|UMU(B(A~V)|sA>

= (jm|UBEYUB~(VABAW)|s, X

= Biu(¥, 5, \)DRUBI(WMAB(A~Y)  (F.3)
one has the relation

Upniym (Bl A2V, 5, 2) = Byo(v, s, ) DSAB-(WAB(A" 1Y)

(F.49)
which is useful for discussing the transformation properties of the wave
functions. From the unitarity of the representation, it follows that

z B;'km(v: s’ X)Bjm(v’ S, )‘) = 8ysdaa
im
(F.5)
> Biw(¥, 8, VB, 5, ) = 8,8
SA

The relation
Ui ym(D)Byme(AV, 5, 1) = Byu(v, 5, X) DB~ WA B(AV)  (F.6)

is useful in the discussion of the transformation properties of the field
operators. Its demonstration is similar to that given in (F.3).
The projection operator onto a subspace of given spin s is

Pr® Wy m = 2. By, 5, NBIu(¥, 5, ) (F.7
A

Since an infinite-dimensional representation of 0(1, 3) is being used, the
explicit expressions for these projection operators are more complicated than
those obtained in the finite-dimensional spinor formalism. They can, how-
ever, be expressed conveniently by means of infinite products. Define

S¥) = — 7 Want() (F3)

where W, is given by (5.14). Then

[Siv), ()] = ie;Si(v) (F.9)
and

Z S(MSi(v) = —Ml—z W, W (F.10)
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and
Sz(v)jm ;J"m'Bj’m’(va 5,0 = s(s + I)Bjm(v> s, A)
Sa(v)jm :j'M'Bj’M’(v’ 5, )‘) = )\Bjm(va s, )‘)

In terms of the generators S*, one has
S2(v) = %guvgx)\slmsm - guvgx:)\SunuA(v)gpaSvﬂua(v) (F12)
Forse{},3.3,.. .}

9 (v) — S3(v) s(s + 1)
P‘”“)‘H[ J(J+1)] H[ J(J+1)] (F.13)

j#s i#s

(F.11)

For s = 0,

0 S3(v)
Pr® (y) = 1‘![ ~ G +1)] (F.14)

and forse{l,2,3,...}

reo ) =I5 (L[ -Gl I [ - 3
(F.15)

The infinite products in (F.13), (F.14), and (F.15) are absolutely convergent
since the series >; 1/[j(j + 1)] is absolutely convergent.

APPENDIX G: LIGHTLIKE AND SPACELIKE MOMENTA

The results of Sections 2-5 may be extended to the case of lightlike and
spacelike momenta once a covariant momentum derivative for intrinsic
tensors on the appropriate mass shells is defined.

For the spacelike case, one may introduce the orthogonal curvilinear
coordinates (s, ¢, 0) by

p* = M(sh s, ch ssin 0, ch s cos ¢ sin 8, ch s cos ¢ cos 6) (G.1)

Then the Riemann metric on the mass shell is given by

ng 8y dp* dp’ = ds® — ch%s d6? — ch?s cos? ¢ db? (G2
and the unit tangent vectors are
nd = (ch s, sh s sin ¢, sh s cos ¢ sin 0, sh s cos ¢ cos 8)
ns* = (0, cos ¢, —sin ¢ sin 8, —sin ¢ cos 6) (G.3)
ng = (0,0, cos 8, —sin 6)



138 Coleman

Given any two points 4 and B on the mass shell with coordinates
(s(4), 6(A4), 6(4)) and (s(B), $(B), 6(B)), one may take the vectors (G.3) for
the point A and paralle] transport them along the geodesic from A to B and
compare the resulting unit vectors with the vectors (G.3) for the point B.
The two sets of unit vectors at the point B are related by an element of the
group 0(1, 2). This group element defines the transformation that must be
applied to any intrinsic tensor at 4 in order to obtain the tensor parallel
transported to B along the geodesic connecting 4 and B. In the present case,
since a unitary spin basis is desired, the indices on the momentum wave-
function label the basis for a unitary irreducible representation of the group
0(1, 2) and the required transformation is the representation of the above
group element relative to this infinite component basis. The covariant mo-
mentum derivative is defined in terms of parallel transport in the standard
way. It is interesting to note that covariant differentiation of infinite com-
ponent fields on de Sitter space-time may be defined in precisely the same
way [with the groups 0(1, 4) and 0(1, 3) replacing the groups 0(1, 3) and
0(1, 2), respectively].

Unfortunately, the case of lightlike momentum cannot be treated in the
same way because the intrinsic metric of the (forward) light cone is degenerate.
Introducing the orthogonal curvilinear coordinates (w, £, £2) by

_ [ Loy g s
= [1’1 TIERDT+IEE T+ ;f(g.g)} €y

one obtains for the metric

2
g AP A" = — 1y 4548 G3)
Together with p“(w, ), the vectors

o 1[ 1-3E® ¢ =t
g4, ) = [1’ T+1E81+1EET+ %(E-%)]

1 E E ¢ a¢
w® = g (0 - 1+ 5 -5 -5) ©e
W(E) — 1 o _£8 (8828
form a complete set which satisfy
pp=0=4ggq
pn=0=gqn, (G.7)

pq=2 Ay-ng, = —ars
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Under a Lorentz transformation, the vectors Ag(w, £) and An,(€) are related
to the vectors g(Aw, AE) and n,(AE) by an element of the group E(2). In order
to define a covariant derivative, one must provide a standard Lorentz invariant
rule for transporting the vectors (G.6) for a point A to any other point B on
the forward light cone. At present, this problem is unsolved. However, once
the decision to use infinite component fields has been made, a zero mass
particle may be described by demanding that the wave function satisfy an
additional equation of motion which expresses the proportionality between
the Pauli-Lubanski operator and the four-momentum operator.

APPENDIX H: THOMAS PRECESSION

It was remarked in Section 10 that the expression for Thomas precession
may be readily derived from equation (10.9)

dse p A
27—+{b }‘9’ a7 =0 (H.1)

First, it is necessary to convert from the basis #*,(v) to the normalized basis
n*(v) defined by (4.3) by setting

P = (1 - V—})za (H.2)

The removal of this stretch factor results in the cancellation of one of the
three terms in the Christoffel symbol of (H.1). One obtains

dze
7 QarTe = (H.3)
where
1 1 a’ av®
ab _ _ a2 b 2
=515 (” v dﬂ') (H.4)

Equation (H.3) states that the spin vector precesses with the angular velocuy
given by (H.4).

It is customary to employ an alternate parametrization for the four
velocity, namely,

dz* 1

7 a-ep= P (H.5)
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Then,
-
M L (H.6)
1
Y-
and
Qab = ____ (Ba ﬁb dlga) (H7)

where ¢ denotes the time in the laboratory frame and
47 = ydt (H.8)

For a particle moving in a circle of radius r in the x-y plane of the labora-
tory frame with constant angular velocity w,

X = r CcoS wt
y = rsin wt (H.9)
z=20

The only nonzero components of Q2 are

@~ —gn Y1 Lo (HL10)
If laboratory time is used
dza ab$b
o yQWFP = O (H.11)
so that the precession rate is given by
yQ% = (y — Do (H.12)
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